Summary. The Fat Boundary Method (FBM) is a fictitious domain like method for solving partial differential equations in a domain with holes Ω \ Bwhere B is a collection of smooth open subsets -that consists in splitting the initial problem into two parts to be coupled via Schwartz type iterations: the solution, with a fictitious domain approach, of a problem set in the whole domain Ω, for which fast solvers can be used, and the solution of a collection of independent problems defined on narrow strips around the connected components of B, that can be performed fully in parallel. In this work, we give some results on a semi-discrete FBM in the framework of a finite element discretization, and we present some numerical experiments.
The Fat Boundary Method
The Fat Boundary Method (FBM) was introduced by Maury [2001] to solve partial differential equations in a domain with holes. For simplicity we present the method in the case of the Poisson problem. Let us denote by Ω ⊂ IR n a Lipschitz bounded domain and B ⊂ Ω a collection of smooth subsets (typically balls). The boundaries of Ω and B are respectively denoted by Γ and γ. Our purpose is to solve the problem: Find u ∈ H 1 0 (Ω \ B), such that
Solving this problem by FBM consists in splitting it into a local resolution in a neighborhood of B, where we can use a fine mesh (in a thin layer around the holes, the dashed subdomain denoted by ω in figure 1), and a global resolution based on a cartesian mesh covering the whole domain Ω. This makes it possible the use of fast solvers and good preconditioners.
The link between the global and the local problem is based on the interpolation of a globally defined field on an artificial boundary which delimits the Fig. 1 . Domains in the two-dimensional case local subdomain, and the prescription of the jump of the normal derivative across the boundary of B. More precisely, we introduce a smooth artificial boundary γ ′ around B, and we denote by ω the (narrow) domain delimited by γ and γ ′ (∂ω = γ ∪ γ ′ ). We then introduce the functional space
We can replace problem (1) by two coupled new problems, one of which is set in ω, and the other one in the whole domain Ω:
where f is the extension of f by 0 in B, and where • If u is a solution of (1), then the couple (u, u |ω ) is a solution of (3).
• If ( u, v) is a solution of (3), then u | Ω\B is a solution of (1).
The local problem (3-a) and the global one (3-b) are coupled, and this suggests the use of a fixed point algorithm. Let θ ∈]0, 1[ be a relaxation parameter. We introduce the following operators:
By definition of T θ , ( u, v) is solution of (3) Theorem 2. There exists
converges to the fixed point of the operator T θ (·, ·; f ).
The semi-discrete case
A preliminary step towards the analysis of the discrete FBM -where both (4) and (5) are solved numerically -consists in assuming that the local problem (4) is solved exactly, and in focusing then on the discretization of the global problem (5). Letting U h ⊂ H 1 0 (Ω) be a finite dimensional approximation space of finite element type, we propose the following semi-discrete fixed point iteration scheme: let
We are interested in studying the existence and uniqueness properties of the solution to the fixed point equation
as well as in giving an estimate on the error u − u h in Ω.
We briefly sketch here the main steps of the analysis. The first step, in order to analyze the scheme (8) is to introduce an auxiliary fixed point problem. Let us denote by π h :
Let, for θ ∈ (0, 1),
Then we consider the problem
The relation between (12) and (8) is the object of the following lemma (Bertoluzza et al.) . Existence and uniqueness of the solution of the auxiliary problem (12) (and therefore, thanks to Lemma 1 of the original semidiscrete problem (8)) easily follows. Let us now estimate the error u − u h . Since the mesh is a priori chosen independently of the position of γ, it is clear that, since u has on γ a discontinuity of the normal derivative the best global regularity that we can expect of u is u ∈ H 3/2−ǫ (Ω) and therefore the best error estimate that we can expect is u − u h 1,Ω ≤ Ch 1/2−ǫ u 3/2−ǫ (h denoting the mesh size of the triangulation which we assume to be regular and quasiuniform). However, assuming that ∂B is sufficiently regular, if f | Ω\B ∈ H s−2 the function u = u is in H s (Ω \ B) and then, using the technique introduced by Nitsche and Schatz [1974] in order to estimate local convergence rates, we can hope for a better convergence rate in any open set Ω * strictly embedded in Ω \ B. More precisely, assuming that we are using finite elements of order m (either Pm or Qm) the following theorem holds (Bertoluzza et al.) Theorem 3. Assume that f ∈ H s−2 (Ω \ B), with 2 ≤ s ≤ m + 1, and let Ω * ⊂⊂ Ω. Then, for h sufficiently sufficiently small we have
Numerical Experiments and Conclusions
We want to verify that, as stated by Theorem 3, if we use P1 finite elements, FBM is of order one in every subdomainΩ ⊂⊂ Ω \ B. Figure 2 shows the dependence of the errors (in H 1 and L 2 norms) upon the mesh step size h. All tests are carried out using an uniform cartesian grid. We denote global errors the ones computed in the whole domain Ω and local errors the ones computed in the subdomainΩ of Ω \ B. The domain Ω is the box ] − The exact solution u is chosen to be equal to sin(2π(x 2 + y 2 + z 2 − R 2 )). The analytical solution was selected to be radial in order to eliminate the error due to the local resolution, and thus to be in conformity with the theoretical result. 
Capability to deal with many holes
This numerical experiment illustrates the capability to deal with a domain with "many" holes. We consider the box ] − 1, 1[ 3 with 163 disjoint balls disposed in a pseudo-random way. Figure 3-(left) shows the isosurface u = 0 of the computed solution, which solves the problem: −∆u = 1 in Ω \ B and u = 0 on ∂(Ω \ B) = Γ ∪ γ. Figure 3 -(right) shows the same experiment but with a little larger number of particles: 343 balls disposed in a structured way.
Numerical Simulation of convection-diffusion around two moving balls
We consider a parallelepiped Ω in which there are two moving rigid balls B 1 ∪ B 2 = B. Their trajectories are imposed in advance. On five faces of the box we maintain a temperature equal to 1 and at the sixth face we take homogeneous Neumann boundary conditions. On the surfaces of the two balls we impose (via Dirichlet boundary condition) a null temperature. Heat is convected using a potential field. One expects to have a "trail" of "fresh zones" following the balls in their movements. The problem we solve is the following 
where φ solves
(15) Figure 4 shows the computed solution at different time iterations.
Flow past a sphere
We consider the incompressible Navier-Stokes equations in the parallelepiped 2 ). The time discretisation is done using the Finite-Element Projection/LagrangeGalerkin method (see Achdou and Guermond [2000] ) which is a projection algorithm combined with the characteristics method (see Pironneau [1982] ). At each time step we have to solve, by FBM, elliptic problems for the velocity and the pressure. Figure 5 shows the velocity field on the plan y = 0 of a flow past a sphere at Reynold's number equal to 100. In order to see the vortices, figure 6 presents a zoom close to the sphere. See Ismail [2003] for more details on numerical simulations of flows past spheres.
Conclusions
The numerical results confirm the theoretical estimates and shows the wide applicability of FBM. The future work will consist on the theoretical side in taking into account also the error due to the local resolution, thus studying 
